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Abstract

Let K be a number field, let
¢: P — P

be a rational map of degree d > 2, and let v € P1(K) be a periodic point of exact period k. Put
f = ", so that v is fixed by f. For each £ > 1, let

BZ = (f_e(’}/))red

be the reduced ¢-th preimage divisor of 7y, and define the exact preimage layer
E¢=B¢— Bi1

as the reduced divisor supported on points whose first entrance into « under f occurs after
exactly / iterates.

We prove the following conditional-effective criterion. If deg Ey > 3 for some ¢ > 1, then, for
every wandering point P € P!(K) whose orbit avoids 7, the dynamical Zsigmondy set relative to
(¢, P,), outside an explicitly computable finite set of primes, is finite and effectively computable
once the associated finite S-integral problem is solved. More precisely, the exceptional indices in
the tail n > k¢ are contained in a finite computable union of S-integral hits of the orbit against
FEy, and the remaining candidates are checked by finite ideal factorization.

As a consequence, on a Zariski-open locus of rational maps of degree d > 2 with a marked
periodic point, the exact-layer criterion applies in every degree. For the return map degree
D = d*, one may take

1, D>4,
(={2 D=3,
3, D=2

Thus the exact-layer refinement gives a generic effective route even in quadratic and cubic return
degree, where the immediate residual divisor may have degree 1 or 2.
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1 Introduction

Primitive divisor problems in arithmetic dynamics ask whether, for all sufficiently large n, the
congruence

@"(P) =~ (mod p)

has a prime ideal p that does not occur at any earlier iterate. Ingram and Silverman proved a
qualitative dynamical Zsigmondy theorem for rational maps on P! with periodic target points,
under a non-polynomial-type hypothesis. Their theorem is broad, but the general proof is not
designed to produce an effective upper bound for the last exceptional index.

The purpose of this note is to isolate a large effective subcase. The key point is that one need
not work only with the immediate residual divisor

FH) — eyl

Instead, one may use higher exact preimage layers. A prime at which an orbit point meets Ey is
forced, after exactly £ return steps, to meet v, and it cannot have met ~ earlier, outside a finite
bad set. Thus failure of primitive divisors forces S-integrality of an earlier orbit point relative to
Ey. If deg Ey > 3, the relevant S-integral points are finite and effectively computable in the usual
sense of reducing to S-unit or Thue-Mahler equations.

This exact-layer formulation has two advantages over the immediate residual criterion. First,
it fixes the indexing issue: an encounter with E, at return time m produces a primitive divisor at
return time m+£¢. Second, it greatly expands the generic range. For a generic return map of degree
D, the exact layer has degree

deg B, = D' — D1,

Thus some layer of degree at least 3 appears uniformly with ¢ < 3 in every degree D > 2.

2 Notation and Conventions

Let K be a number field with ring of integers Og. By a prime we mean a non-zero prime ideal
p C Ok. All congruences are taken outside finite sets of primes large enough to make the relevant
models integral and well behaved.
Let
¢ : Pk — Pk

be a rational map of degree d > 2. Let v € P!(K) be periodic of exact period k, and put
f=¢"
Then v is fixed by f. For a point P € P!(K), write
P, = ¢"(P).
Definition 2.1 (Primitive prime). A prime p is primitive for the n-th encounter of P with v if
Py =~ (mod p)

and
P, #~ (mod p) 0<m<n.



Definition 2.2 (S-Zsigmondy set). For a finite set S of primes, the S-Zsigmondy set is
Zs(p, P,y) ={n > 0: there is no primitive prime p ¢ S for the n-th encounter} .

If D is a reduced effective divisor on P, we say that Q € P!(K) is S-integral relative to D if, for
every p ¢ S, the reduction of @ does not lie on the reduction of D. After choosing a homogeneous
form H(X,Y) € K[X,Y] defining D and clearing denominators, this is equivalent to requiring that,
for primitive coordinates Q = [A : B], all prime divisors outside the fixed model bad set of H(A, B)
lie in S.

All divisors By and E, below are geometric divisors, i.e. after base change to K. Their degrees
are geometric degrees.

3 Exact Preimage Layers

Since 7 is fixed by f, the reduced preimage divisors

By = (f_é(’y))red

form an increasing sequence:
ByC B CByC---.

Indeed, if f7(Q) =+, then f/71(Q) = 7.
Definition 3.1 (Exact preimage layer). The ¢-th ezact preimage layer is

Ey= By — By_1,

the reduced divisor supported on
Supp(Be) \ Supp(Be-1).
Thus Q € Ey(K) if and only if
Q) =~
and

A #y 0<ji<t

The exact layer is the correct object for primitive divisors: a prime at which an orbit point
reduces into Fy yields an encounter with ~ exactly ¢ return steps later, and not before, provided
the prime is outside a finite bad set.

4 The Exact-Layer Primitive Divisor Lemma

Lemma 4.1. Let f : Pk — Pk be a rational map of degree D > 2, and let v € PY(K) be fized by
f. Fix £ > 1. There is a finite effectively computable set Sy of primes of K such that the following
holds.

Let Qm = f™(Qo). If
Qmm modp € Ey

for some p & Sy, then
Qmie =7 (mod p),

and p is primitive for this encounter within the f-orbit:

Q¢ #v (mod p) 0<t<m-+V{.



Proof. Choose integral models for f7, 0 < j < ¢, and homogeneous squarefree forms defining the
reduced divisors B; and Ey. Let Sy contain:

(i) primes of bad reduction for f7/, 1 < j < ¢;

(ii) primes at which the models of the divisors B; or Ej; acquire bad reduction;
(iii) primes at which Ey collides with B; for some 0 < j < ¢;
(iv) primes introduced by denominators and contents of the chosen models.

This set is finite and effectively computable by resultants of the defining binary forms and the usual
bad-reduction resultants of the maps.
Now let p ¢ Sy, and suppose
Q@ mod p € Ey.

Because Ey C f~(v), good reduction gives
Qute = f'(Qm) =7 (mod p).

We prove primitivity. Suppose first that for some t < m,

Q: =~ (mod p).

Since « is fixed modulo p, good reduction gives

Qm =f"""(Q) =7 (modp).

Thus @, mod p € By. But Ey N By = &, and this disjointness remains true modulo p ¢ Sy, a
contradiction.
Suppose next that m <t < m + ¢ and

Qi =~ (mod p).

Then
f7MQm) =7 (mod p),

80 Qy, mod p € By_,,. Since 0 < t—m < £, the divisor B;_,, is disjoint from Ey, and the disjointness
persists modulo p ¢ Sy, again a contradiction. Therefore no earlier point of the f-orbit meets
modulo p. O

5 Passage from Fixed to Periodic Targets

Let v have exact period k for ¢, and put

For 0 < i < k, define A
P =¢'(P).

Then the @-orbit decomposes into the k f-orbits

P, [(P), fA(P),....



Lemma 5.1 (Separation of residue classes modulo the period). There is a finite effectively com-
putable set Scye of primes such that, for every p ¢ Seye, if

¢*(P)=v (mod p)

and
¢’ (P)=~ (mod p),
then
a=b (mod k).
Proof. Let

v=¢(), 0<ji<k
Enlarge Scyc so that ¢ has good reduction outside Scy. and the distinct points

Y0, Y1y -y V-1

remain distinct modulo every p ¢ Scye. This is achieved by including the finitely many primes at
which two cycle points collide.
If p*(P) =~ (mod p), then after b — a further iterates,

P"(P) = ¢"%(7) (mod p).
If also ¢?(P) =+ (mod p), then
" *(y) =~ (mod p).

Since the cycle points remain distinct modulo p, this forces b —a =0 (mod k). O

Thus a primitive prime for a subsequence modulo k is primitive for the full g-orbit, outside
Seyc-

6 Main Theorem

Theorem 6.1 (Exact-layer effective Zsigmondy theorem). Let K be a number field, let
p: IP)}( — P}(

be a rational map of degree d > 2, and let v € PY(K) be periodic of exact period k. Put f = ©F.
For ¢ >1, let
Er= (£ (M)rea = (F D ())rea-
Assume
deg By > 3

for some £ > 1.

Let P € PY(K) be wandering, and suppose that the orbit of P avoids . Then there is a finite
effectively computable set S of primes such that Zs(p, P,v) is finite and computable after solving
the finite S-integral problem for (P, Ey).

More precisely, for n > kf, write

n=1i+k(m+1), 0<i<k, m>0.



Then
n € Zs(p, P,7y)

only if .
(e (P))

1s S-integral relative to Ey. Consequently,

ZS(@? P, ’Y) n [kga OO)

is contained in a finite effectively computable candidate set. After a finite direct check of these
candidate indices, the exact S-Zsigmondy set is computable.

Proof. Let
S =S¢ U Seyc USp,

where Sy is the finite set from the exact-layer lemma for the return map f, Scyc is the finite set
from the residue-class separation lemma, and Sp contains the finitely many primes needed to make
the reductions of the finitely many initial points and models well defined.

Fix n > k¢, and write

n=1i+k(m+4¥), 0<i<k, m>0.

Set ‘
Qm = f"(¢"(P)).
If @y is not S-integral relative to Ey, then there is a prime p ¢ S such that

Q@ mod p € Ey.
By the exact-layer lemma, this prime is primitive for the encounter
FGH(P) = (mod p)
within the f-suborbit of ¢?(P). In global (-time, this is exactly the time
i+ k(m+{)=n.

By the residue-class separation lemma, p cannot have occurred in a different residue class modulo
k. Hence p is primitive for the full ¢-orbit.

Therefore, if n € Zg(¢, P,7), then f™(¢!(P)) must be S-integral relative to Ej.

Since deg Ey > 3, the set

I(Ey, S) = {Q € P1(K) : Q is S-integral relative to Ey}

is finite and effectively computable in principle. Explicitly, after choosing a squarefree binary form
Hy(X,Y) defining Ey, the condition that @ = [A : B] be S-integral relative to E; says that

Hy(A, B)

has no prime divisors outside S, up to fixed content and denominator primes already included in
S. For deg Hy > 3, this reduces to finitely many S-unit or Thue-Mahler computations.



Thus the possible exceptional indices in the tail are contained in
k—1
U {i+km+0: f"('(P) € Z(EL,S) } -
i=0
It remains to see that this set is effectively bounded. Let D = deg f = d*. There is an effectively
computable constant C'y such that

for all Q € P*(K). Let

Hy = h
0= plpax (Q)

C
T:max{Ho,D_fl}.

If h(Q) > T, then h(f(Q)) > h(Q). Since P is wandering under ¢, each subsequence f™(¢'(P)) is
wandering under f, hence has positive canonical height for f. Therefore its height tends to infinity.
We may enumerate each subsequence until its height exceeds T'. After this point it cannot return
to Z(Ey, S).

This gives a finite computable candidate set. A direct finite computation of the relevant re-
ductions or ideal factorizations determines which candidate indices truly have primitive divisors
outside S. Hence the S-Zsigmondy set is computable. O

and set

7 Genericity in All Degrees

The exact-layer theorem is generic in every degree. Let D = deg f = d*. For a generic rational
map f of degree D with a marked fixed point =y, the point  is not critical, and the backward orbit
of «v has no collisions up to any prescribed finite level. In that case

deg B, = D'

and
deg By = deg By —deg B,y = D' — D' = D" }Y(D —1).

Thus deg Ey > 3 for

17 DZ )
(={2 D=3,
3, D=2.

Theorem 7.1 (Generic effective Zsigmondy in every degree). Fiz d > 2 and k > 1. In the
parameter space of degree-d rational maps with a marked k-periodic point -y, there is a nonempty
Zariski-open subset on which the conclusion of the exact-layer theorem holds for every wandering
point P whose orbit avoids v. Moreover, one may take an exact layer with £ < 3.

Proof. Let D = d*. On a nonempty Zariski-open subset of the marked parameter space, the return
map f = ¢” has degree D, the point v is not critical for f, and the first three levels of the backward
orbit of v are simple and collision-free. These conditions are algebraic open conditions: they are
expressed by non-vanishing of appropriate derivatives and pairwise resultants among the defining
equations of the preimage divisors.
On this open set,
deg B, = D" Y(D — 1)

for £ = 1,2,3. The displayed choice of ¢ gives deg Fy > 3. The exact-layer theorem applies. O



8 Consequences and Examples

8.1 Degree at Least Four

If d* > 4, the immediate exact layer E; generically has degree
d¥—1>3.

Thus the original residual criterion already proves effective Zsigmondy. The exact-layer formulation
recovers this as the first case.

8.2 Cubic Return Maps

If d* = 3, the immediate layer has generic degree 2, which is not enough for S-integral finiteness.
The second exact layer has degree
deg By =32 —3=6.

Therefore a generic cubic return map satisfies the effective Zsigmondy theorem using Fjs.

8.3 Quadratic Return Maps

If d* = 2, the immediate layer has degree 1, and the second exact layer has degree
deg Ey = 2.

Neither is enough. But
deg B3 =23 — 22 = 4.

Thus a generic quadratic return map satisfies the effective Zsigmondy theorem using Fs5. This is
the main improvement over the immediate residual theorem.

8.4 Explicit Fixed-Point Example

Let ( 5 )
z(x®+x+1
S
Then 0 is fixed, and

¢~ 10) = {0} u {2 + 2 +1=0}.

Here E; has degree 3, so the exact-layer theorem applies with £ = 1. For every wandering P € P}(Q)
whose orbit avoids 0, the numerator Zsigmondy set is finite and computable outside a finite bad
set after solving the associated Thue—Mahler problem for the binary cubic

X3+ XY?2+Y3

8.5 Quadratic-Type Application

Let f be a quadratic rational map over K with a marked fixed point =y, and suppose that the first
three preimage layers of v are simple and collision-free. Then deg E3 = 4. Hence the exact-layer
theorem applies with ¢ = 3. The relevant finite computation is S-integrality relative to a degree-
four divisor, equivalently a quartic Thue-Mahler computation after choosing a binary form defining
E;s.



9 Algorithmic Implementation

Given (K, p,7, P, (), the algorithm is as follows.

(1)
(2)
3)
(4)

(10)

10

Compute the period k of v and set f = ¢F.
Compute homogeneous models for f7, 0 < j < £.

Compute reduced preimage divisors B; = (f77(7))red-

Compute the exact layer Ey = By — By_1 by factoring the defining binary forms for By,
removing the factors defining B,_1, and taking the squarefree part.

If deg Ey < 3, this layer does not give the hyperbolic effective criterion.

Construct the finite bad set S, including primes of bad reduction, denominator and content
primes, collision resultants between E; and B; for 0 < j < £, primes where cycle points collide,
and primes needed for the chosen initial point models.

Compute
Z(Ey, S) = {Q € P/(K) : Q is S-integral relative to E}.

This reduces to S-unit equations or Thue—Mahler equations for a binary form defining Fj.

For each 0 < i < k, enumerate the f-orbit of P; = ¢!(P) until the height exceeds

_ Cy
T'=max {Qe%l(aE}j,S) mQ), deg f — 1 } ’
where Cf satisfies h(f(Q)) > deg(f)h(Q) — Cy.

Record all m for which f™(P;) € Z(Ey,S). These give candidate exceptional indices n =
i+ k(m+1).

Check the finite set of candidates directly by factoring the relevant ideals and testing primitive
occurrence outside S.

Relation to Known Work

Ingram and Silverman prove a qualitative primitive divisor theorem for rational maps on P! with
periodic target, under the non-polynomial-type hypothesis. The present theorem is more restrictive
in scope but gives an effective generic criterion by using higher exact preimage layers.

Silverman’s divisor-theoretic framework is substantially broader, but it relies on Vojta’s conjec-
ture with truncated counting functions. The present argument is unconditional within its range
because it reduces to S-integral points on P! minus at least three points.

The exact-layer refinement is the main conceptual point: instead of using only the immediate
residual divisor, one uses a first entrance layer Fy,. This is what makes the result generic in all
return degrees.



11 Boundary of the Method

The method requires some exact layer E; of degree at least 3. If all relevant exact layers remain of
degree at most 2, the complement is an affine line or a one-dimensional torus, and S-integral points
may be infinite. Then one is led to the last S-unit hit problem along an orbit.

This toric residual case is a genuine frontier. Bounds on the number of S-integral hits do not
automatically provide an effective bound on the last hit. Uniform S-unit problems in arithmetic
dynamics are connected to deep Diophantine conjectures. Thus the exact-layer theorem should be
viewed as an effective generic theorem, not as a complete replacement for the qualitative theorem
of Ingram—Silverman.
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