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Abstract

We develop a finite-sample inference framework for algebraic laws discovered after adaptive
search. The basic input is a volume certificate: a subset A of a finite sample space X, an upper
bound V' > |A|, and a prefix-free description length. Such certificates generate valid e-values
under the uniform null. We prove exact-fit, partial-fit, likelihood-ratio, sequential, replicated,
and change-point variants. We then specialize the framework to rational points of bounded
height in projective space, where algebraic laws are closed subvarieties and volume certificates
are supplied by height-counting bounds. The resulting tests apply to symbolic regression over
rational data, algebraic subspace clustering, finite-field congruence laws, and related algebraic-
discovery problems. We also prove a universal dominance statement: relative to a computably
enumerable certificate language, a universal mixture dominates every effective volume-certified
algebraic e-test, up to a multiplicative constant. The paper is not a new rational-point-counting
theorem; rather, it supplies a rigorous post-selection and optional-stopping-valid inference layer
for algebraic law discovery.

1 Introduction

Many scientific-discovery and symbolic-regression procedures search through large families of poly-
nomial relations. Given data, an algorithm may report an equation

F(z)=0

or a more general algebraic condition
reY CP"

only after inspecting the data. This creates an immediate post-selection problem. A relation may
look striking simply because the search space was large, the degree was high, or the algorithm was
allowed to adapt.

This paper gives a finite-sample significance theory for such discoveries. The central idea is
simple. If a candidate law cuts down the sample space from X to a subset A, and one has a

certificate
Al <V,

then an exact fit to A is unlikely under a uniform null when V/|X| is small. If many possible
laws are searched, the search cost is paid through a prefix-free description length. This produces
e-values and e-processes that remain valid after arbitrary adaptive search and optional stopping.
The framework is deliberately modular. The statistical component is based on e-values, Kraft
weights, likelihood-ratio mixtures, and nonnegative supermartingales. The geometric component
enters only through volume certificates. In arithmetic applications, these certificates may come from



elementary height-counting bounds, determinant-method estimates, finite-field Schwartz-Zippel
bounds, or problem-specific geometry.

The contribution is therefore not a new height-counting theorem. Instead, it is a certified
inference layer for algebraic discovery: once an algebraic candidate comes with a valid volume
certificate and a code length fixed in advance as part of a certificate language, it receives a post-
selection-valid evidence score.

The main results are:

e exact-fit post-selection validity;

e partial and noisy-fit validity via binary KL scores;

e likelihood-ratio mixtures and oracle inequalities;

o conditional and sequential e-processes for adaptive data streams;

e a corrected finite-class model-selection consistency theorem;

o replicated-law aggregation under explicit independence or conditional-validity assumptions;
e a change-point mixture for emergent laws;

e universal dominance for effective volume-certified algebraic e-tests;

o concrete algebraic certificates for hypersurfaces, linear subspaces, projective varieties, and

finite fields;

e applications to symbolic regression, algebraic subspace clustering, finite-field congruence dis-
covery, low-rank structure, and conservation laws.

2 Background and terminology

An e-value for a null hypothesis Hy is a nonnegative random variable F satisfying
Ep,E <1.

By Markov’s inequality,
PHO(E > 25) < 278,

Thus a large e-value gives evidence against Hp, with min{1,1/E} acting as a valid p-value.

An e-process is a nonnegative process (E;);>¢ that is a supermartingale, or at least satisfies
En,E: <1 for all ¢, under the null. If (F}) is a nonnegative supermartingale with Ey < 1, Ville’s
inequality gives

Py, (sup E, > 25> <27°.
>0

This gives optional-stopping validity.
We use prefix-free code lengths (c) satisfying Kraft’s inequality:

Yoo <1

The certificate language and code lengths are fixed before the data are analyzed. The data-
dependent discovery procedure may choose a certificate adaptively after seeing the data, but it
must choose from this pre-specified language.



3 Abstract volume certificates
Let X be a finite set. Under the basic null,
Hy: Xy,..., Xy "< Unif(X).
Definition 3.1 (Volume certificate). A volume certificate is a triple
¢ = (Ac, Ve, ke),

where
A, C X, Ve>0, |Ac| < Ve,

and K. 1s a prefiz-free code length. Set

= min {1 Ve }
pC - 9 ’X N
Then
PHO (Xz S Ac) < Pe.

The interpretation is that A. is the set satisfying a discovered law, V, is an upper bound on its null
volume, and k. is the search or description cost of the law.

Certificates with p. = 1 are valid but noninformative. Likelihood-ratio formulae below are
stated for 0 < p. < 1; endpoint cases are handled by omission or by the corresponding limiting
convention.

4 Exact-fit adaptive discovery

For fixed ¢, define
1
SN(C) = N10g2 — — k¢

c
if
Xl,...,XNEAC,

and define Sy (c) = —oo otherwise. Let
Sy = sup Sn(c).
Theorem 4.1 (Exact-fit post-selection significance). Under Hy, for every s > 0,
P, (Sy > s) <27°.

Consequently, if an arbitrary adaptive discovery procedure reports a certificate ¢ with Sy(c) = s,
then

Ppost < 27°

s a valid post-selection p-value.



Proof. For fixed c,
Py (X1,..., XNy € Ac) <plY.

If Sy(c) > s, then
1
Nlogy — — K¢ > s,

C
or equivalently,
pN < 92759 Re,

Therefore
Pry(Sh 2 8) <D Py (X1, XN € Ac) 1N logy(1/pe)—re>s)-

Using the preceding bound,

Pry(Sy = s) <Y 27%27% <27%,
C

This proves the theorem.

Equivalently,
En = Z Q_HCPC_Nl{Xl,...,XNeAC}

[

is an e-value, and log, En > Sy.

5 Partial and noisy algebraic laws

Exact fit is often too strict. Define N

He=) 1ixeay
i=1

For ¢,p € [0, 1], let

I—q

l—p

be binary KL divergence in bits, with the usual boundary conventions.
For 0 < p. < 1, define

da(q | p) = qlogy % + (1 — q) log,

Kn(¢) = Nda(H:/N | pc) — ke — logo(N + 1)
if H./N > p., and define Kn(c) = —oo otherwise. Let

K3 =sup Kn(c).
C

Theorem 5.1 (Partial-fit post-selection significance). Under Hy, for every s > 0,
P, (Ky >s) <27°
Thus, if a reported law ¢ contains h of N data points, the score

Nda(h/N | pc) — ke — logy(N + 1)

is a valid post-selection evidence score whenever h/N > p..



Proof. For fixed ¢, the random variable H, is stochastically dominated by
Z. ~ Bin(N, p.).
For g > p., the type-counting Chernoff bound gives
P(Z./N > q) < (N + 1)2~Nda(alpe),

If Kn(c) > s, then
Ndo(H:/N | pc) > s+ ke +1logy(IN 4+ 1).

Hence
PHO(KN(C) > S) < 27897 e,

A union bound over ¢ gives

Pry(Ky > s) <) 27°27 % <27°,
c

6 Likelihood-ratio mixtures and oracle bounds

For fixed ¢ with 0 < p. < 1 and for 6 € [p., 1], define

O\ 11—\
o= () G5

For every 6 € [pc, 1], L. n(0) is an e-value under Hy.
Let

0; = % j=[Npc,...,N.
Define
1 N
Mew =577 > Len(0y).
J:[Npc]

Proposition 6.1 (Robust GLR lower bound). The quantity M. n is an e-value. If H./N > p,,
then
10g2 Mc,N > Nd?(Hc/N ’ pc) - 10g2(N + 1)’

Proof. A subprobability average of e-values is an e-value. If H./N > p., the grid contains § = H./N.
Therefore

1
Men > mLc,N(Hc/N)~

Taking logarithms,
logo Mo N > Nda(H./N | pe) — logo(N +1).

Mixing over certificates yields the oracle inequality

logy Z 27" M. n > sup [Nda(Hc/N | pc) — ke — logy(N +1)].
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7 Conditional and sequential certificates

Let (Ft)t>0 be a filtration and let X; be the observation at time t.
A predictable certificate ¢ specifies events

Acy C X,
where A.; is F;_1-measurable, and predictable numbers
0< DPet < 1.

Assume the null satisfies
Pr, (Xt € Act | Fi—1) < D

almost surely for every c,t.
Define
Zc,t = l{XteAQt}-
Let
Oct € [Pc,t, 1]

Zc,i 1_Zc,i
L o L 90,1’ 1- 90,2’
ot — H Dei 1—np.. )
=1 C,1 pC,l

Theorem 7.1 (Conditional-volume e-process). For every c and every predictable strategy (Oc:),
the process (Let)i>0 15 a nonnegative supermartingale under the null. Consequently,

be predictable. Define

P, | sup Ley > 2° ) <27°%
>0

Proof. Let
@ =Puy(Zep =11 Fiz1) < peg-

The conditional mean of the ¢-th factor is

ec t 1- ect
¢g—— +(1—g¢q =,
! c,t ( t) 1- pc,t
For ¢ <p <49,
0 1-6 —q)(0 —
Aozt =00-p
p 1—p p(1—p)
Thus
E[Lcs | Fim1] < Leg—1.
Ville’s inequality gives the claimed optional-stopping bound. O

Now suppose C is prefix-free and, for each ¢, Il, is a countable family of predictable strategies
with weights w(7 | ¢) > 0 satisfying
Z w(m|ec) <1.

welle
Define
U = 22_“0 Z w(m | ¢)Lery-
ceC welle
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Corollary 7.2 (Universal anytime-valid search). The process (U;) is a nonnegative supermartingale
with initial expectation at most 1. Hence

Px, (sup logy Uy > s) <275,
>0

8 Change-point discovery

We now make the change-point extension explicit. Suppose a certificate ¢ may become active after
an unknown time 7. For ¢t < 7, define

Lers(6) = 1.
For t > 7, define
t Ze i 1-Z.;
9 c,i 1— 0 c,i
- (20
’ 7t( ) Zl;!_ Dc 1 —pe

where
chi = 1{X16AC}'
Under the no-law null, this is an e-process that is inactive before 7 and starts from value 1 at time
T—1.
Let ©¢ C [pc, 1] be countable with weights ag. > 0, > pce, agc < 1. Let

1
— Yuw =1
T(t+1) wr

T>1

Wy =

Define the full mixture over all start times by

Uth == ZQ_HC Z Wr Z CL@‘CLC77—7t(9).

7=1 96@6

Theorem 8.1 (Change-point algebraic discovery). Under the null, (U;*)i>0 is a nonnegative su-
permartingale with initial expectation at most 1. In particular,

Py, (sup logy, U;P > s) <278,
t

Proof. For each fixed ¢, 7,0, the process L. () is identically 1 for ¢ < 7, has a conditionally valid
first likelihood factor at ¢ = 7, and then evolves by conditionally valid likelihood factors. Hence it
is a nonnegative supermartingale. The mixture weights satisfy

doare<1, Y we=1, Y ap. <1
c

T>1 €O,

Therefore their weighted sum is a nonnegative supermartingale with initial expectation at most 1.
Ville’s inequality gives the result. O

For computation at time t, the infinite tail 7 > ¢ contributes only its inactive value. It may
therefore be evaluated as a deterministic tail mass, or truncated with the remaining tail kept as an
inactive reserve.



9 Power under planted algebraic incidence

Let P be an alternative distribution on X. For certificate ¢, set
0.=P(X € A.).

Assume
0. > pe.

Theorem 9.1 (Linear power). Under i.i.d. sampling from P,

1
NKN(C) — da(0e | pe)

almost surely. Consequently, for every sequence sy = o(N),
PP(KX/ > SN) — 1.

Proof. By the strong law,
H./N — 0.

almost surely. Since ¢ — da2(q | p.) is continuous for g > p,,
dQ(Hc/N ’ pc) — d2(6c ‘ pc) > 0.

The penalty terms satisfy
Ke/N — 0, logo(N +1)/N — 0.

Therefore
Kn(c)/N — da(0; | pe).

Since K3 > Kn(c), the result follows. O

10 Finite-class model-selection consistency

The score Kn(c) equals —oo whenever H./N < p.. Therefore, for consistency statements, it is
cleaner to use the nonnegative score

K3 (c) = max {0, Nda(H./N | pe) — ke —loga(N + 1)},

where the KL term is interpreted as 0 when H./N < p..
Let Cy C C be finite. Under an alternative distribution P, define

.= P(X € A,)

and

do(0c | pe), 0Oc c)
J(C):{Oz( | pe) , ip
) c > Pe-

Assume c¢, is the unique maximizer of J(c) over Cy, and assume
J(cy) > 0.
Let

ey € argmax K (c).
ceCo
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Theorem 10.1 (Finite-class consistency). Under P,
P(EN = c*) — 1.

Proof. For each fixed c,
K (c)/N = J(c)

almost surely. Indeed, if 8. > p., this follows from the same argument as in Theorem 9.1. If 6, < p,,
then positive deviations above p. vanish asymptotically in normalized KL score, and K (c)/N — 0.
Since Cy is finite and ¢, uniquely maximizes J, there is a margin

v = J(ex) —max J(c) > 0.

cFcx
Almost surely, for all sufficiently large N,
K55 () /N > J(e) = 7/3,
while
KX (c)/N < J(c) +7/3 < J(cx) — 29/3

for every ¢ # c,. Thus ¢, eventually uniquely maximizes K]J\r, O

11 Replicated laws

Suppose there are environments e = 1, ..., E. In environment e, observations satisfy a null incidence
certificate
P(Xe,t € Ac ‘ fe,t—l) < DPcie,t-

There are two valid settings.

11.1 Independent environments

If the environments are independent under the null, then the product of environment-specific e-
values is an e-value.

11.2 Ordered conditional validity

More generally, order all observations in a single global filtration. If each environment-specific
factor is conditionally valid given the past, then the product process is a supermartingale.

Under either condition, if environment e supplies NN, observations, hit fraction g, e, and constant
certificate p. ., the replicated score

E E
R(C) = Z NedZ(ac,e ‘ pc,e) — Re — Z 10g2(Ne + 1)

e=1 e=1

is post-selection valid after mixing over ¢. The model cost k. is paid once, while evidence accumu-
lates across environments.



12 Simultaneous effect-size confidence sets

Let g- = P(X € A.) be the true incidence probability. For u € [0, 1], let M. n(u) be an e-value
valid under the null
Ho.(u) : g < u.

Define the confidence set

2fe
Ien(a) = {u €1[0,1] : M n(u) < - }
Theorem 12.1 (Simultaneous post-selection confidence sets). With probability at least 1 — «,

qc € IC,N(Oé)
for every c.

Proof. For the true value g,
Ke

P (MC,N(qc) Z
(6

Union-bound over ¢ and use Kraft:

> < a2 e,

g a2 < a.
C
O]

We call these confidence sets, not intervals; they need not be intervals without further mono-
tonicity assumptions.

13 Information-theoretic optimality

Let Py be a reference distribution and let A C X have exact null mass Py(A) = p. For 6 € (0,1),
define the tilted alternative

dPg()_{G/p, T €A,
B T\ - 0)/(1-p), z¢A

Then Py(A) = 6.
For N observations, the likelihood ratio is

- ()" (120"

Dy (P | Py) = da(0 | p).

If a test has type-I error at most o under Pév and type-II error at most 8 under PQN , data
processing gives

Also,

Ndz(0 | p) > da(1 — B | ).
Thus
d2(1-51a)
d2(0p)
The KL scores above detect at the same information rate, up to description length and universal
coding regret.

N >

10



14 Necessity of search penalties

Let Aq,..., Aps be disjoint subsets of X, each with null mass p. Assign each model code length
Kk = logy M.
Kraft is tight:
M
d 2 =1
j=1
The event that all N samples fall into one of the A; has probability
Mp".
For each such model, the exact-fit score is
S = Nlogy(1/p) — logy M.

Thus
Mp"N = 279,

Hence the bound in Theorem 4.1 is sharp in the abstract volume-certificate model, and the search
penalty cannot be uniformly removed.

15 Universal dominance

Let € be a computably enumerable class of elementary certified e-values or e-processes. Let m(e)
be a universal lower-semicomputable semimeasure on £. Define

U= Z m(e)e.

eef

A certified e-test is any lower-semicomputable subprobability mixture

E= Z w(e)e,

ec&

where w(e) >0, >, w(e) <1, and w is lower semicomputable.

Theorem 15.1 (Universal dominance). For every certified e-test E, there exists a constant Cg,
depending only on the effective description of E, such that

E<CgU

pointwise. Equivalently,
logy E <logy, U + O(K(E)).

Proof. By universality of m, every lower-semicomputable semimeasure w satisfies
w(e) < Cpm(e)
for all e, for some constant C'’r. Hence
E = Zw(e)e <Cg Zm(e)e = CgU.
e e
O

This theorem characterizes the precise class being dominated: effective tests built as mixtures
of certified geometric evidence. It does not claim dominance over all possible statistical tests.
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16 Algebraic certificates over height balls

Let
X =P"(Q)<B

be a finite height ball in projective space. An algebraic certificate is a proper closed algebraic subset
Y C PG

together with a bound
Y(Q) N Xp| < Vp(Y).

Then

py = min{l V(Y) } .

R
The statistical machinery is independent of how Vz(Y') is obtained.

16.1 Hypersurfaces

Let F € Z[Xy,...,Xy] be nonzero homogeneous of degree D, and let Y = Z(F). A crude box-
counting Schwartz-Zippel argument gives

Y(Q) N Xp| < CuDB".

Since
| Xp| >, B",

one obtains

pr < min{l,C,D/B}.

Thus an exact degree-D homogeneous polynomial law has leading score

Nlogy(B/D) = K(F) = On(N).

16.2 Linear subspaces

If L C P" is a rational m-plane, then
|IL(Q) N X | <m B™.

Thus
pL S Cn mB_(n_m)-

)

For a union of K rational m-planes,

12



16.3 General projective varieties

Let Y C P{ be a reduced closed algebraic subset of dimension m > 1 and total degree D. A
finite-projection argument, or sharper determinant-method estimates when available, can supply
bounds of the schematic form

Y (Q) N Xp| < C,DO () gm+1,

Consequently,
py < C, Do) g=(n—m)
For m =0,
Y(Q)nXg| <D,
and

py < Cp,DB~(H1),

These bounds are intentionally crude and may be replaced by sharper arithmetic estimates.

16.4 Finite fields
Let X = ]Fg. If F € Fy[z1,...,z4) is nonzero of degree D < ¢, then Schwartz-Zippel gives

1Z(F)| < Dg",
SO
pr < D/q.
17 Application I: adaptive symbolic regression over rational data
Let a symbolic-regression procedure search through homogeneous polynomials and report
F € Z[Xo, ..., Xn],
of degree D and code length x(F), vanishing on h of N rational points in Xp.

Using
PF S CnD/B7

the valid post-selection score is
h| .
Nds N min{1,C,D/B} | — k(F) —logy(N + 1).
For exact fit, this becomes
B
Nlogy —— — k(F).
082 CoD K(F)
Therefore a discovered degree-D polynomial law is significant only if
Nlogy(B/D) > k(F) + s.

This is a finite-sample anti-overfitting threshold.

13



18 Application II: algebraic subspace clustering

Suppose an algorithm discovers
Y=LiU---ULkg,
a union of rational m-planes in P". Then
py < Cpm KB~
If all NV observations lie in the discovered union, the exact-fit score is
N [(n —m)logy B —logy K — Op (1)) — k(Y).

Thus increasing the number of fitted subspaces is penalized both by increased null volume and by
model description length. Partial-fit versions use the KL score and allow outliers.

19 Application III: finite-field congruence laws

Let
X =TF¢
under the uniform null. Let F' € Fy[z1,...,24] be nonzero of degree D < ¢. Since

an exact discovered congruence law

has score
Nlogy(q/D) — K(F).
If the same integer polynomial law is tested across fields

Fois-o o Fyp

and remains nonzero modulo each ¢, then the replicated exact score is
> Nelogy(ge/D) — w(F),
e

under the independence or conditional-validity assumptions of Section 11.

20 Additional examples

The same framework applies whenever a valid volume certificate is available.

20.1 Low-rank matrices

Nonzero a x b rational matrices form a projective space P®~!. The rank-< r determinantal variety
has codimension

(a—r)b—r).

For fixed a, b, r, its degree is constant, hence
pr < Ca b T,B—(a—r)(b—r)‘
Exact low-rank structure across N observations has leading evidence

N(a—r)(b—r)logy B — (r) — Oupr(N).

14



20.2 Conservation laws

Let X; be a state process on a bounded integer box. A candidate invariant I gives events
AI,t = {IL’ : I(JJ) = I(Xl)}

If one can certify
P(I(Xy) = I(Xy) | Fe-1) < pr,

then the conditional e-process theorem applies. The scientific content lies in justifying this null
certificate.

20.3 Missing data

If only coordinates indexed by a predictable pattern €); are observed, replace Y by its projection
o, (Y).
The framework applies once one certifies

PO(T‘-Qt (Xt) € T, (Y) | ]:t—l) < Dyt

21 Multiple discoveries
If several independent or dependent discovery projects produce valid e-values
Eq, ... By,

then e-value multiple-testing procedures such as e-BH may be used to control false discovery rate
under their stated assumptions. This allows many algebraic-discovery pipelines to be run in parallel,
provided each reported law is accompanied by a valid e-value.

22 Scope and limitations

This framework does not produce volume certificates automatically. It converts valid certificates
into post-selection-valid inference.

The framework is not a new theorem in rational-point counting. Any sharper arithmetic or
geometric estimate can be substituted for the crude certificates stated here.

The universal dominance theorem is relative to the chosen effective certificate language. It is
not a dominance theorem over all possible statistical tests.

The algebraic null model must be meaningful for the application. Uniform height balls and
finite fields are convenient reference cases, but applications may require conditional or nonuniform
volume certificates.

The term “model-selection consistency” in this paper is finite-class and incidence-based. It does
not assert recovery of an algebraic variety in a metric or scheme-theoretic sense.
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23 Conclusion

We have developed a certified inference framework for algebraic laws discovered after adaptive
search. The core mechanism is a volume certificate combined with a prefix-free model code. From
this we obtain finite-sample post-selection validity, noisy and partial-fit validity, optional-stopping
validity, finite-class consistency, replicated-law aggregation under explicit assumptions, change-
point mixtures, and universal dominance over effective certified e-tests.

The main practical implication is an anti-overfitting law for algebraic discovery. A polynomial
equation, subspace union, congruence law, or algebraic constraint discovered after inspecting the
data is significant only when its certified volume reduction beats both its description length and
its geometric complexity.

For symbolic regression over rational points, a degree-D exact polynomial law receives leading
evidence

Nlogy(B/D) — k(F) — On(N).

Thus high-degree interpolation is not significant merely because it fits; the equation must be simple
and its null volume must be small.

The framework is best viewed as a rigorous MDL/e-value layer for algebraic and arithmetic
discovery. Its strength depends on the quality of the supplied volume certificates.
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