BLOW-UP DIAGONAL DEPTH AND WONDERFUL
COMPACTIFICATIONS

LUCA BLANCHI

ABSTRACT. We study the behavior of diagonal generation under smooth
blow-ups. We use a resolved form of diagonal dimension, called coherent
product diagonal depth and denoted CPD, defined by product twisted
complexes resolving the diagonal kernel. The main theorem is a blow-up
inequality. If X is smooth proper, Z C X is a smooth closed subvariety
of codimension ¢, and Y = Blz X, then

CPD(Y) < max {CPD(X),CPD(Z) + ¢ —1}.
Equivalently, for the diagonal-depth defect

n(X) := CPD(X) — dim X,
one has

n(Blz X) < max{n(X),n(Z) — 1}.

The proof uses Orlov’s blow-up formula at the level of Fourier—Mukai
kernels. The base projector is Lf*Rf., whose kernel is L(f x f)*Ona.
The complementary exceptional projector is resolved by a finite relative
bar complex for the directed dg category associated to the exceptional
blocks. Each exceptional bar term is supported on E Xz F, where
E = Pz(Ngz/x), and is controlled by the diagonal of Z. Since the
exceptional part has ¢ — 1 blocks, the bar amplitude contributes ¢ — 2,
and the final cone from the base projector contributes one further step.

As applications, we obtain a defect bound for clean wonderful com-
pactifications. If Xg is the wonderful model of a clean building set G
with induced arrangement S(G), then

CPD(Xg) < max{ CPD(X), SBEX )(CPD(S) + codimx 5 — 1)
€
S#X

We apply this to linear De Concini-Procesi models, Fulton-MacPherson
compactifications, and Kapranov’s blow-up model of My, ,. In particu-
lar,

Rdim D%y, (Mo,n) = n — 3.
In characteristic zero, we also obtain birational invariance of diagonal-
depth optimality for smooth projective varieties of dimension at most
three.

Date: June 2026.
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1. INTRODUCTION

Let X be a smooth proper variety over an algebraically closed field. The

diagonal kernel
OAX € Dtl:)oh(X X X)

controls the identity functor of Dlgoh(X ). A resolution of this diagonal by

exterior product kernels
AR B, A BeDb,(X),

gives an upper bound for the Rouquier dimension of Dgoh(X ). This prin-
ciple is part of the general theory of diagonal dimension.

The purpose of this paper is not to introduce a new diagonal invariant.
Instead, we use a resolved dg-enhanced model of diagonal dimension, called
coherent product diagonal depth, to prove a new stability theorem under
blow-ups.

The guiding question is:

How much diagonal depth is created by a smooth blow-up?

The answer is dimension-sharp.
Theorem 1.1: blow-up theorem.

Let X be smooth proper and let Z C X be a smooth closed subvariety of
codimension c. Let

f:Y=Blz X —>X
be the blow-up. Then

CPD(Y) < max {CPD(X),CPD(Z) + ¢ —1}.
Equivalently, for

n(T) := CPD(T) — dim T,

one has

n(Y) < max{n(X),n(Z) — 1}.
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Thus a smooth blow-up does not create new diagonal-depth defect beyond
the defect already present in the ambient variety and the center; in fact, the
contribution of the center is shifted down by one.

The proof uses Orlov’s blow-up decomposition

Dgoh(Y) <j*p*Dgoh(Z) ® OE(l - C)? s 7j*p*ch)0h(Z) ® OE(_1)> f*Dgoh(X)> )

where £ = Pz(Ny, x) is the exceptional divisor. We do not apply an ad-
ditive semiorthogonal-decomposition bound. Instead, we construct a single
filtered Fourier—Mukai kernel for the identity. The base part is pulled back
from the diagonal of X. The exceptional part is resolved by a finite relative
bar complex over the ¢ — 1 exceptional blocks. Each bar term is controlled
by the diagonal of Z, and the bar length contributes exactly ¢ — 2.

The blow-up theorem iterates over clean building sets.

Theorem 1.2: wonderful compactifications.

Let X be smooth proper, let G be a clean building set of smooth proper
subvarieties of X, and let Xg be the corresponding wonderful model. Let
S(G) be the induced clean arrangement, with X included as the empty
stratum. Then

CPD(Xg) < max { CPD(X), Smg()é) (CPD(S) + codimy S — 1)
€
S£X

Equivalently,

Xo) < X S)—1
n(Xg) < max q n( ),Sg%)(n() )
S£X

In particular, if all strata are diagonal-depth optimal, then Xg is diagonal-
depth optimal.

Our first main application is Kapranov’s model of My ,,. Kapranov real-
izes My, as an iterated blow-up of P"—3 along linear subspaces and their
transforms. Since projective spaces are diagonal-depth optimal, Theorem
1.2 gives

CPD(My,,) <n—3.
Rouquier’s lower bound gives

Rdim DY, (Mo,) > n — 3.

coh
Since
Rdim D2, (X) < CPD(X),
we obtain the following equality.
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Theorem 1.3.
For all n > 3,

Rdim DY, (Mo,,) = n — 3.
This proof is non-equivariant and does not use the even Hassett-space
diagonal-depth analysis appearing in the Castravet—Tevelev approach. That
approach remains important for symmetric and equivariant refinements, but
the Rouquier-dimension equality above follows directly from Kapranov’s
blow-up model and Theorem 1.1.
We also prove:
Theorem 1.4.

If X is smooth proper and diagonal-depth optimal, then its Fulton—

MacPherson compactification X [n] is diagonal-depth optimal. Hence
Rdim D2, (X[n]) = dim X [n).

Finally, in characteristic zero, Theorem 1.1 implies that diagonal-depth
optimality is a birational invariant for smooth projective varieties of dimen-
sion at most three. Hence every smooth projective rational variety of dimen-
sion at most three is diagonal-depth optimal and satisfies Orlov’s expected
equality for Rouquier dimension.

2. COHERENT PRODUCT DIAGONAL DEPTH

Throughout, k is an algebraically closed field. Unless otherwise stated,
all varieties are smooth and proper over k, and all functors are derived.

We fix dg enhancements of the bounded derived categories of coherent
sheaves. This allows us to work with filtered twisted complexes of Fourier—
Mukai kernels.
Definition 2.1.

Let X be smooth proper. A product kernel on X x X is an object of the
form

AR B:=pri Aol prs B, A, Be Db, (X).
A finite direct sum of product kernels is again called a product kernel.
For

K e Dby (X x X),

coh

we write

pdepthy (K) < d

if K is represented in the dg enhancement by a finite twisted complex

P’ pt ... pd

such that every P" is a product kernel.
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The coherent product diagonal depth of X is

CPD(X) := pdepthx(Oa ).
The normalization is such that

CPD(Speck) = 0.
Remark 2.2.

This is a resolved model of diagonal dimension. If Ox , is generated in d
steps by a single product object A X B, then it admits a product twisted-
complex presentation of amplitude d. Conversely, a finite product twisted
complex can be generated by the single product object

(@)= (@n)

after allowing finite sums and direct summands. Thus the invariant agrees
with diagonal dimension under the usual enhanced and idempotent-complete
conventions. We use the notation CPD to keep track of the resolved product-
complex model needed for the blow-up proof.
Lemma 2.3: pullback.

Let g : Y — X be a morphism between smooth proper varieties. Then

pdepthy (L(g x g)*K) < pdepth y (K)
for every

K e Db, (X x X).

coh

Proof. 1t suffices to check product kernels. We have

L(gxg)"(AXB) ~ Lg"AX Lg*B.
Pulling back a product twisted complex gives a product twisted complex
of the same amplitude.
Lemma 2.4: pushforward on support.

Let i : W — Y be a proper morphism between smooth proper varieties.
Then

pdepthy (R(i x i), K) < pdepthy, (K)
for every

K e Dl (W x W).

coh

Proof. For product kernels,

R(i xi)«(AX B) ~ Ri.AX Ri.B.
The claim follows by applying R(i X i), to a product twisted complex.
Lemma 2.5: resolved cone-splicing.
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Let

A—B—C

be a distinguished triangle in Di’oh(X x X). Suppose A and C are rep-

resented by product twisted complexes of amplitudes a and ¢, respectively,
and suppose the triangle is represented in the dg enhancement so that

B ~ Cone(C[—1] — A).
Then

pdepth y (B) < max{a,c+ 1}.
Proof. Represent A by a product complex in degrees 0,...,a, and C by

a product complex in degrees 0,...,c. Then C[—1] contributes terms in
degrees 1,...,c+ 1. The mapping cone has terms
AT D Cr—l

and therefore lies in degrees

0,...,max{a,c+ 1}.
Each term is a finite direct sum of product kernels. This proves the claim.
Lemma 2.6: Rouquier bound.
For X smooth proper,

Rdim D2, (X) < CPD(X).
Proof. A product kernel

AX B
acts by the Fourier—-Mukai functor

F—B®RI(X,A®F).

Thus its image lies in the triangulated subcategory generated by B. A
product twisted complex resolving Oa, gives a filtration of the identity
functor with the same number of extension steps. Applying this filtration to
an arbitrary object of D?, (X) shows that a finite direct sum of the objects
appearing as right factors in the product kernels strongly generates ch’oh(X )
in at most CPD(X) steps.

Lemma 2.7: products.

For smooth proper X and Y,

CPD(X xY) < CPD(X) + CPD(Y).
Proof. The diagonal satisfies

OAXXY ~ OAX X OAY-
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Taking product twisted complexes for the two factors and totalizing by
total degree gives a product twisted complex of amplitude the sum of the
two amplitudes.

Lemma 2.8: projective spaces.

For every m > 0,

CPD(P™) = m.
Proof. Beilinson’s resolution of the diagonal gives a product resolution of
Oppm of length m. Hence

CPD(P™) < m.
The reverse inequality follows from Rouquier’s lower bound and Lemma
2.6.

Lemma 2.9: projective bundles.
Let

m:Px(V) = X
be a projective bundle with rankV = r. Then

CPD(Px(V)) < CPD(X)+r —1.
Proof. The relative diagonal of Px (V) over X has the relative Beilinson
resolution of length » — 1. Pulling back a product twisted complex for Oa
and tensoring with this relative resolution gives a product twisted complex
for the absolute diagonal of total amplitude at most

CPD(X) +r — 1.

3. ORLOV’S BLOW-UP FORMULA AND THE BASE PROJECTOR

Let

1: 2 —=>X

be a smooth closed subvariety of codimension ¢, and let

f:Y=Blz; X —>X
be the blow-up. If ¢ = 1, then Y ~ X, and all statements below are
immediate. Thus, throughout the proof of the blow-up theorem, we assume
c> 2.
Let

jiE=Y, p:E=Pz(Nyx)—2

be the exceptional divisor and its projection. We use the convention

Ogp(E) = Op(-1).
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Form=1,...,¢—1, define

2 Do (Z) = De(Y),  @n(F) = ju (0" F © Op(—m)).
Orlov’s blow-up formula gives a semiorthogonal decomposition

(381) DY) (@1 Dl (2). Bea Dy (2). ..., 21 Dl (2), £ Dl (X))
Let

€= (1 D"(2),...,0:D(2)).
Then

E =ker Rf,.
The functor

Px := Lf*Rf.: D°(Y) — D°(Y)
has Fourier—-Mukai kernel

(3.2) Kx = OYX])J(Y ~ L(f X f)*OAX-
The counit

Lf*Rf. —id
gives a triangle of Fourier—Mukai kernels

(33) KX — OAY — Kg.

Here K¢ is the complementary projector: it kills f*D?(X) and restricts
to the identity on &.
By Lemma 2.3,

(3.4) pdepthy (Kx) < CPD(X).
Thus the blow-up theorem reduces to bounding Kg.
4. THE EXCEPTIONAL RELATIVE BAR COMPLEX

This section proves the technical core.
Let

dz := CPD(Z2).
Choose a product twisted complex

Pé — OAZ
of amplitude dz. Thus
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P£:®AQ,TIEBO{,T‘7 0<r<dyz.
a
If V € Perf(Z), then

Py @ ¢V
is again a product twisted complex of the same amplitude, since

(ARB)@ @iV ~ AR (B V).

Similarly, tensoring by perfect complexes pulled back from the first factor

preserves product amplitude.
Hence every kernel of the form

OAZ ®q>1kV1 ®qg‘/2a Vlava € Perf(Z)7
has product depth at most d.
Lemma 4.1: block bimodules.
Form,nel,...;,c—1,let

My (F,G) := RHomy (®,,, F, ©,,G)

be the bimodule between the m-th and n-th exceptional blocks.

bimodule is represented by a kernel on Z x Z of the form

AZ * an
for some

Vinn € Perf(Z).
In particular, M,,,, has product depth at most dz.
Proof. The functor @, is

D, (F) = j.(p"F @ Og(—m)).
Since

(=) = Li*(=) ® Op(-1)[-1],
the right adjoint of ®,, is

(4.1) &8 (H)Rp. (Lj*H © Op(m — 1)) [-1].
Applying this to H = ®,(G), we obtain

@y @0 (G)Rps (Lj"j.(p*G ® Op(-—n)) ® Op(m — 1)) [-1].

This

For the divisor embedding 7 : E — Y, the derived self-intersection

Lj*j.(—) is given by tensoring with the two-term Koszul complex

[O(1) = Ogl,
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up to the standard cohomological convention. Therefore ®F ®,, is a finite
extension of tensor functors

Gr— G® Rp,.Og(m —n — 1+ €)[s], ecO0,1.
Since p : E — Z is projective, these coeflicients are perfect complexes on
Z. Hence ®2 ®,, is represented by a diagonal kernel

AZ>|<V;’rm
for some V,,,, € Perf(Z).
Replacing Oa,, by P gives a product twisted complex of amplitude d.
Thus M,,,,, has product depth at most dz.
Lemma 4.2: endpoint kernels.
The embedding of the m-th exceptional block into D?(Y') is represented
by a kernel

K e DYZ xY)
supported on the graph of p : F — Z, followed by the embedding j : F —
Y. Up to the convention of source and target factors,

K (idz xj)« (Or, ® ¢gOp(—m)).
The corresponding outgoing kernel representing the relevant adjoint is of
the same graph type, with twist Og(m — 1) and a cohomological shift.
Consequently, if a chain of block bimodules produces a kernel

Az, V
on Z x Z, then inserting the endpoint kernels gives a kernel on Y x Y of
the form

42) (G x))((pxp)On, ® L@ gM® (pxp)azV)ls],

where L, M are line bundles on E, V € Perf(Z), and s € Z. Every kernel
of the form (4.2) has product depth at most dz.
Proof. The first assertion follows directly from the Fourier—-Mukai kernel of

F— j.(p"F ® Og(—m)).
The adjoint kernel is obtained from (4.1), hence is again supported on the
same incidence correspondence, with the indicated twist and shift.
Now insert a diagonal kernel Az, V between these two endpoint kernels.
The convolution identifies the two Z-coordinates and produces exactly a
kernel supported on

E x 7 E
and then pushed forward to Y x Y by j x j. This gives (4.2).
Replacing O, by PJ, a product term
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Aa,r X Ba,r

becomes

J(p"Aar @ L) ¥ i (p*(Bayr ® V) @ M).
Thus the product amplitude remains d.
Lemma 4.3: directed dg model.
Choose dg enhancements of all categories involved. The exceptional cat-
egory & is Morita equivalent to a finite directed dg category 21 with compo-
nents

A, ~ Perfqy(2), m=1,...,c— 1.
The ordering is chosen so that morphisms in the forbidden semiorthogonal
direction vanish. Let

c—1
Ay = H Ay
m=1

be the diagonal subcategory, and let

J = 2A/Ao
be the strictly triangular radical bimodule.
Then

J®t = for ¢ >c¢—1.
The identity bimodule of 2 has the relative bar resolution

Barg, () [Ql a1y JEM0 Dg, A o

The term of bar degree ¢ is a direct sum over strict chains of exceptional
blocks

mo < mp < ---<my.

No chain has length ¢ > ¢ — 2.
Proof. This is the standard directed dg model associated to a semiorthogonal
decomposition. The relative bar resolution over the diagonal subcategory
resolves the identity bimodule. Since there are ¢ — 1 ordered components
and J is strictly triangular, there are no strict chains of length ¢—1 or more.
Lemma 4.4: kernel realization of bar terms.

Under the Fourier—-Mukai realization of the Morita equivalence A ~ &,
the bar term attached to a chain

o= (mpg<mp<---<my)

is represented by the convolution
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in out
Kme * Mmefhme Kook MMO,ml * ng .

This convolution is a kernel of the form

(4.3) (4 x5)«((pxp)Or, ®¢ Lo @My @ (p X p)*q7Vs) [55],

where L,, M, are line bundles on E, V, € Perf(Z), and s, € Z. Hence
every such chain kernel has product depth at most dz.
Proof. Each middle factor My, m,,, is represented on Z x Z by

AZ*%'

Convolution of diagonal kernels is diagonal:

Az Vi AzVo =~ Az (V1 @ Va).
By induction,

Mmg,l,mg koeee ok Mmo,ml = AZ>1<Vv¢7

for

Vo=V ®---®@ V.

Inserting the endpoint kernels gives (4.3) by Lemma 4.2. The product-
depth estimate follows by replacing Oa, with the fixed product complex
Py.

Lemma 4.5: compatibility with the bar differential.

The product complexes representing the chain kernels in Lemma 4.4 may
be chosen so that the bar differential has filtration degree (0) in the Pj-
direction.

Proof. The same product complex

Pé — OAZ

is used for every chain kernel. The data varying with the chain o are only

Ly, My, Vi, So.

The face maps in the bar differential are induced by composition of ad-
jacent block bimodules. On the kernel side, these maps are induced by
canonical composition morphisms

Az Vix Az Vigr — Az (Vi @ Vig)

and by the corresponding composition maps among endpoint line-bundle
twists. These morphisms act on the coefficient factors

71 Le ® s My @ (p X p)*az Vs
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and leave the fixed product complex P; unchanged. Therefore each face
map is represented by a morphism of product twisted complexes of degree
(0) in the Pj-filtration.
Proposition 4.6: exceptional projector depth.

The exceptional projector kernel K¢ satisfies

pdepthy (Kg) < CPD(Z) +c¢— 2.

Proof. The relative bar complex of Lemma 4.3 resolves the identity bimodule
of the directed dg category modeling £. Under the Fourier—-Mukai realiza-
tion, it becomes a twisted complex resolving the exceptional projector kernel
Kg.

The bar complex has bar degree

0<l<c—2.

By Lemma 4.4, each bar-degree-f summand is represented by a product
twisted complex of amplitude dz. By Lemma 4.5, the bar differential is
compatible with the Pj-filtration. Thus totalizing with

degyq; = degp, +4

gives a product twisted complex of amplitude

dz +c—2.

This proves the proposition.

5. THE BLOW-UP THEOREM

Theorem 5.1.
Let X be smooth proper and let Z C X be a smooth closed subvariety of
codimension c. Let

Y =Blz X.
Then

CPD(Y) < max {CPD(X),CPD(Z) + ¢ —1}.
Proof. If ¢ = 1, the blow-up is isomorphic to X, so the result is immediate.

Assume ¢ > 2.
Set

dy := CPD(X),  dy:= CPD(Z).
By (3.4),

pdepthy (Kx) < dx.
By Proposition 4.6,
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pdepthy (K¢) < dz +c¢— 2.
Using the triangle

K X — OAY — Kg
and the resolved cone-splicing Lemma 2.5, we obtain

CPD(Y) < max{dx,dz +c—1}.
Corollary 5.2: defect form.
Let

n(T) := CPD(T) — dimT.
Then

n(Blz X) < max{n(X),n(Z) - 1}.
Proof. Since

dimZ +c¢c=dimX =dimY,
Theorem 5.1 gives

n(Y) < max{CPD(X) — dim X,CPD(Z) + ¢ — 1 — dim X }

= max{n(X),n(%) - 1}.
Corollary 5.3.
If X is CPD-optimal and n(Z) < 1, then Blz X is CPD-optimal. In
particular, if both X and Z are CPD-optimal, then Blz X is CPD-optimal.
Proof. If X is CPD-optimal, then

n(X) =0
If
n(Z) <1,
then Corollary 5.2 gives
n(Blz X) <0.

Since CPD(Y) > dim Y, we have n(Y) = 0.
Lemma 5.4: blow-down monotonicity.
Let

f:Y=Blz; X —> X.
Then

CPD(X) < CPD(Y).
Proof. Since
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Rf*OY =~ OXa

we have

R(f x f)«Oa, ~ Oay-
Indeed,

(f xf)oAy =Axo f.
Applying R(f x f)« to a product complex for Oa, gives a product complex
for Oa ., because

R(f x f)«(AXB) ~ Rf,AX Rf.B.
Thus

CPD(X) < CPD(Y).

6. WONDERFUL COMPACTIFICATIONS

We recall the minimum needed from the theory of wonderful compactifi-
cations.

Let X be smooth proper. A clean arrangement S is a finite collection of
smooth closed subvarieties, closed under clean intersections. A building set
G C S is a subcollection such that every stratum S € S is obtained as a
transverse intersection of the minimal elements of G containing S.

The wonderful model X is obtained by blowing up the elements of G in
an admissible order. If

Gy,...,Gy

is such an order, set

XO = Xa Xk = Blck Xk—la
where C), C Xj_1 is the dominant transform of Gj. Then

Xy = Xg,
and all C}, are smooth.
We use the following trace property.
Lemma 6.1: trace centers.
After blowing up Gi,...,Gk_1, the center C} is the wonderful model of
G, for the trace building set induced by the earlier centers. Its strata are
precisely the strata

S eSG)
such that
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S C Gg.

Moreover,

COdika71 Ck COdiInX Gk,
and for S C G,

codimg, S + codimy G}, codimx S.

Proof. This is the standard compatibility of dominant transforms with clean
restriction in the construction of wonderful models. The admissibility of the
order guarantees that the earlier centers restrict to a building set on Gy,
and cleanliness gives additivity of codimension.
Theorem 6.2: wonderful defect bound.

Let X be smooth proper and let G be a clean building set with induced
arrangement S(G), including X. Then

CPD(Xg) < max { CPD(X), max (CPD(S) + codimy S — 1)

SeS(G)
S#X
Equivalently,
Xg) < X), S)—1
1n(Xg) < max ¢ n( )Sggé)(n( )—1)
S#X
Proof. Let

M := max { CPD(X), Smg()é)(CPD(S’) + codimy S — 1)
€
S£X

We prove by induction over an admissible blow-up order that

CPD(Xy) < M.
For k = 0, this is true by the definition of M.

Assume it for X3 _1. By Theorem 5.1,
CPD(Xj) < max { CPD(X, 1), CPD(Cy) + codimyx, , Cx —1}.

It remains to bound the second term.
By Lemma 6.1, C} is the wonderful model of G} for the trace building
set. We apply the present theorem by induction on the pair

(dim X, |G])
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ordered lexicographically. Since (G, has smaller dimension than X, the
induction is well-founded. We get

CPD(C%) < max {CPD(Gk), max (CPD(S) + codimg, S — 1)} .
=Yk
Adding

codimy, , Cp —lcodimx Gy, — 1

gives two types of terms.
First,
CPD(Gg) + codimy G, — 1 < M.
Second, for S C Gy,
CPD(S) + codimg, S — 1+ codimyx G, — 1

= CPD(S) + codimx S — 2 < M.
Thus

CPD(C%) + codimy, , Cp —1 < M.

Therefore

CPD(X}) < M.

At the final step, Xy = Xg, so the theorem follows.
Corollary 6.3.

If every stratum S € S(G) is CPD-optimal, then Xg is CPD-optimal.
Proof. For S = X, the contribution is

CPD(X) = dim X.
For § # X,

CPD(S) + codimx S — 1dim S + codimx S — 1dim X — 1.
Thus Theorem 6.2 gives

CPD(Xg) < dim X.

Since

dim Xg = dim X

and

CPD(Xg) > dim Xg,

equality follows.
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7. LINEAR WONDERFUL MODELS AND MODULI SPACES OF POINTED
CURVES

Proposition 7.1: linear wonderful models.
Let X = PV, and let G be a building set of linear subspaces. Then the
wonderful model X¢ is CPD-optimal:

CPD(Xg) = dim Xg.
Proof. FEvery stratum of a linear arrangement is a projective space. By
Lemma 2.8, projective spaces are CPD-optimal. The result follows from
Corollary 6.3.
Theorem 7.2: Rouquier dimension of Mo,n-
For all n > 3,

Rdim D%, (Mo,,) =n — 3.

Proof. Kapranov realizes My ,, as an iterated blow-up of

[me3

along the linear spans of subsets of n — 1 points in linear general posi-
tion, blown up in increasing order of dimension. Equivalently, this is the
wonderful model of the corresponding linear arrangement.

By Proposition 7.1,

CPD(My ) dim Mg ,n — 3.
By Lemma 2.6,

Rdim D, (M,,) < CPD(Mg,)n — 3.

coh

Rouquier’s lower bound gives

Rdim D, (Mo ,,) > dim M ,n — 3.

coh

Thus equality holds.
Remark 7.3: relation with the Castravet—Tevelev program.

Castravet and Tevelev construct full S,-invariant exceptional collections
on Mo,n- Their construction is crucial for equivariant and representation-
theoretic refinements. The proof above is different: it is non-equivariant
and uses only Kapranov’s blow-up model together with Theorem 5.1. In
particular, it does not rely on diagonal-depth optimality for the even Hassett
blocks appearing in the Castravet—Tevelev reduction.

8. FULTON—MACPHERSON COMPACTIFICATIONS

Let X be smooth proper of dimension d. The Fulton—-MacPherson com-
pactification X [n] is the wonderful compactification of X" associated to the
building set of diagonals
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Ay C X", || > 2.
The strata of the polydiagonal arrangement are products X", correspond-
ing to partitions of 1,...,n into r blocks.

Theorem 8.1.
For every smooth proper X,

CPD(X[n]) < n, CPD(X).
If X is CPD-optimal, then X[n] is CPD-optimal. Consequently,

Rdim D2, (X[n]) dim X [n].

coh

Proof. Let

e := CPD(X), d := dim X.
By Lemma 2.7,

CPD(X"™) < ne.

A proper polydiagonal stratum is isomorphic to X" for some 1 < r < n.
Its codimension in X" is

(n —r)d.
Again by Lemma 2.7,

CPD(X") < re.
The contribution of this stratum in Theorem 6.2 is at most

re+(n—r)d—1.
Since e > d, this is at most

ne — 1.

The ambient term contributes at most (ne). Hence

CPD(X|[n]) < ne.
If X is CPD-optimal, then e = d, and the bound becomes

CPD(X([n]) < nd = dim X|n/|.
The reverse inequality follows from Rouquier’s lower bound and Lemma
2.6.
Corollary 8.2.
For every d > 0 and n > 1,

CPD(P%[n]) = nd,
and
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Rdim D2, (P%[n]) = nd.

coh

More generally, the same holds for X[n] whenever X is CPD-optimal.

9. BIRATIONAL CONSEQUENCES IN DIMENSION AT MOST THREE

In this section assume k has characteristic zero.
Lemma 9.1.
Let

f:Y=Blz X —>X
be a blow-up along a smooth center. If Y is CPD-optimal, then X is
CPD-optimal.
Proof. By Lemma 5.4,

CPD(X) < CPD(Y) =dimY = dim X.
The reverse inequality follows from Rouquier’s lower bound and Lemma
2.6. Hence X is CPD-optimal.
Lemma 9.2.
If C' is a smooth proper curve, then

n(C) < 1.

Proof. If C ~ P!, then C is CPD-optimal. If C' has positive genus, then its
diagonal dimension is (2). Thus

CPD(C) < 2,
and since
dimC =1,
we get
n(C) <1.

Points have defect (0).
Theorem 9.3.

Over a field of characteristic zero, CPD-optimality is a birational invariant
for smooth projective varieties of dimension at most three.
Proof. Let X and Y be smooth projective birational varieties of dimension
at most three. By weak factorization, the birational map between them
factors into a sequence of blow-ups and blow-downs along smooth centers.

A nontrivial smooth blow-up center in dimension at most three has di-
mension (0) or (1). Points have defect (0), and smooth proper curves have
defect at most (1) by Lemma 9.2. Therefore Corollary 5.3 shows that blow-
ing up preserves CPD-optimality, and Lemma 9.1 shows that blowing down
preserves CPD-optimality.
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Thus CPD-optimality is preserved along the factorization.
Corollary 9.4.

Every smooth projective rational variety of dimension at most three is
CPD-optimal. In particular, if X is such a variety, then

Rdim D%, (X) = dim X.

Proof. A smooth projective rational variety of dimension at most three is
birational to P¢. Projective space is CPD-optimal by Lemma 2.8. Apply
Theorem 9.3 and Lemma 2.6.

10. FURTHER DIRECTIONS

10.1. Equivariant and stacky versions. The arguments in this paper
are non-equivariant. If a finite group G acts on a building set (X, G), it is
natural to ask for an equivariant version for quotient stacks

[Xg/Gl.
One expects a bound in terms of stabilizer-equivariant defects of the
strata. Such a theorem would apply to unordered configuration compactifi-
cations and to quotient stacks such as

[Mo.n/Sn)-

10.2. Castravet—Tevelev and Hassett spaces. The Castravet—Tevelev
construction gives full S,-invariant exceptional collections on Mo,n and
passes through Hassett spaces. The proof in this paper bypasses this route
for the non-equivariant Rouquier dimension. However, the equivariant prob-
lem should still require understanding the diagonal depth of the Hassett
blocks appearing in their construction, especially the even/torsion blocks.

10.3. Beyond dimension three. The birational argument in Section 9 is
special to dimension at most three. In dimension four, weak factorization
may involve smooth surface centers. Smooth surfaces can have diagonal-
depth defect larger than one, so Theorem 5.1 no longer implies birational
invariance of optimality. The correct higher-dimensional birational state-
ment should involve the maximal defect of centers appearing in a weak
factorization.
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